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Time-Optimal Control of Axisymmetric Rigid
Spacecraft Using Two Controls
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In this paper, we consider the minimum-time reorientation problem of an axisymmetric rigid spacecraft with
two independent control torques mounted perpendicular to the spacecraft symmetry axis. The objective is to
reorient the spacecraft from an initial attitude, with some angular velocity, to a � nal attitude with a certain
angular velocity in minimum time. All possible control structures, including both singular and nonsingular arcs,
are studied completely by deriving the corresponding formulasand the necessary optimalityconditions. It is shown
that a second-order singular control can be part of the optimal trajectory. It is also shown that for an inertially
symmetric and a nonspinning axisymmetric rigid body, it is possible for in� nite-order singular controls to be part
of or the whole optimal trajectory. In particular, for a nonspinning axisymmetric rigid body, the second-order
singular trajectory is shown to be an eigenaxis rotation. An ef� cient method for numerically solving the optimal
control problem,based on a cascaded computationalscheme thatuses both a direct method and an indirect method,
is also presented. Numerical examples demonstrate optimal reorientation maneuvers with both nonsingular and
singular subarcs, and comparisons are made between eigenaxis rotations and the true time-optimal rotations.

I. Introduction

I N recent years, the time-optimal reorientationproblem of a rigid
spacecraft has been extensively studied by many researchers.

In Ref. 1, the minimum-time attitude slewing of a rigid space-
craft is considered.Quasilinearizationis used to solve the two-point
boundary-valueproblem (TPBVP) arising from Pontryagin’s min-
imum principle. An integral of a quadratic function of the control
inputs is used as the performance index instead of the slewing time.
The minimum slewing time is determined by sequentially shorten-
ing the � nal time. The corresponding � xed � nal time problem is
solved until the solution can no longer be obtained, or until all of
the resulting controls are bang-bang.The Euler (eigenaxis) rotation
maneuver is used as the initial guess for the numericalcomputation.
The bang-bang solutions show that the minimum-time trajectories
are far from an eigenaxis rotation, and the numerical results also
make the authors suspect that singular controls may appear for a
single principal axis rotationof a symmetric body. If this is the case,
the singular trajectory is a rotation about a principal axis, i.e., an
eigenaxis rotation. In their following work,2 the authors of Ref. 1
implemented their method to the Naval Research Laboratory’s Re-
con� gurable Spacecraft Host for Attitude and Pointing Experiment
(RESHAPE) three-axis maneuver facility. The results of these ex-
periments were presented in Ref. 2.

In Ref. 3, Bilimoria and Wie studied the time-optimal, rest-to-
rest, large-angle, principal-axis rotation of an inertially symmetric
rigid body. By solving the TPBVP using a shooting method, they
obtained a variety of bang-bang controls that showed that the eige-
naxis rotation is not time-optimal in general. Singular controls are
considered only in the sense that it is shown that all three controls
cannot be singular simultaneously.Later, they extended their work
to an axisymmetric rigid body (with three control torques) and they
also studied the principal axis rotation.4 The emphasis in this latter
work is on the effect of the gyroscopicterms in Euler’s equationson
minimum time. Comparing with the minimum � nal time obtained
for a system with the gyroscopic terms dropped, they showed that
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the gyroscopiceffect increases the � nal time for a rod-likebody and
decreases the � nal time for a disk-like body.

Seywald and Kumar5 extended the work in this area by analyzing
all of the possible controls for a general minimum-time reorien-
tation problem of an inertially symmetric rigid body. An elegant
derivation of all of the possible controls, including bang-bang con-
trol subarcs, � nite-order singular control subarcs, and in� nite-order
singular control subarcs was developed. It was shown that for rest-
to-rest maneuvers the eigenaxis rotationcan appear as a � nite-order
singulararc, but it is notoptimal. It follows that an eigenaxisrotation
can, in fact, appear as an optimal in� nite-order singular arc.

Scrivener and Thompson6 explored the minimum-time reorien-
tation of a rigid spacecraft numerically, using a direct method via
collocation and nonlinear programming. This method was � rst in-
troducedby Hargravesand Paris.7 Insteadof dealingwith the neces-
saryconditionsfromPontryagin’s minimumprinciple,the trajectory
is � rst discretized and the optimal trajectory is found in the � nite
dimensional space of the states and controls at each node using
nonlinear programming. The method is shown to be robust in the
sense that it does not require accurate initial guesses. Scrivener and
Thompson6 applied this method to the time-optimal,rest-to-restma-
neuver of a rigid spacecraft. Comparison was made between their
results and the ones in Ref. 4. The results were consistent except
when the maneuver has a reorientationangle of less than 10 deg. In
this case—although the maneuver time is the same—the switching
structure is different,possibly indicating,a multiple local minimum
of the discretized problem.

Jahangirand Howe8 consideredthe problemof controllinga spin-
ning missile in minimum time. The missile was modeled as an ax-
isymmetric rigid body that is spinning about its symmetry axis. The
task was to control the missile from some initial attitude and trans-
verse angular velocity to some � nal attitude and zero transverse
angular velocity with only a single reaction jet. Instead of solving
the TPBVP, the authors integrated the state and costate equations
backward in time to generate all possible trajectories in a reachable
set. The controlwas assumed to be on-off for the reaction jet. A data
storage scheme and a look-up strategy were used to implement this
control scheme.

A few researchers have worked with a method called switching
time optimization (STO). STO was used by Meier and Bryson9 to
solve the time-optimal control of a two-link manipulator.Byers and
Vadali10 and Byers11 used STO to solve the time-optimal rigid body
reorientationproblem.More recently,Liu and Singh12 addressedthe
weighted time/fuel optimal controlof an inertiallysymmetric space-
craft performing a rest-to-rest maneuver. The authors modi� ed the
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STO method to determine the switching times and total maneuver
time of the bang-off-bang control pro� les. The results were com-
paredwith thoseofBilimoriaand Wie in Ref. 3. The effectof the fuel
penalty in the cost on the number of switching times was discussed
and an interesting result was presented; namely, as the fuel penalty
is beyond a speci� c value, the eigenaxis control with two switches
was shown to be optimal. An apparent drawback of STO is that the
switching structure, i.e., the number of switches and how the con-
trols switch, has to be guessed or known in advance. An approach
similar to STO has also been used by Ben-Asher et al.13 and Singh
et al.14 to compute time-optimal solutions of slewing maneuvers of
� exible spacecraft.

In relation to the work in this paper, two articles are of particular
interest. First, Chowdhry and Cliff15 considered the time-optimal
reorientation of a rigid body with two control torques. The exis-
tence of singular subarcs was also studied. However, the authors
only consideredthe time-optimalcontrolof rigidbodyangular rates,
i.e., they considered only the dynamics of the motion. Hermes and
Hogenson16 studied the same system as the one in the presentwork.
They applied feedback linearization to transform the system to two
uncoupled linear double-integrators.The time-optimal controls can
then be calculated explicitly.17 The result is then transformed back
to the original space to obtain the explicit feedback control for the
original nonlinear system. However, because of the complex rela-
tionship between the original controls and the transformed ones,
as well as the corresponding control bounds, the controls for the
original system are not necessarily time optimal, as pointed out
by the authors in their conclusions. In addition, since a double-
integrator system has at most one switch and no singular subarcs
(and the feedback linearizationtransformationbetween the original
and the resulting systems is continuous), this method leads to time-
optimal controls for the original nonlinear system with at most two
switches and no singularsubarcs.This is shown not to be true in this
paper.

In this paper, we address the time-optimal reorientationproblem
for an axisymmetricrigidbody.The purposeof the control is to drive
the symmetry axis from some initial orientationwith some speci� ed
angular velocity to another � nal orientation with speci� ed angular
velocity. We assume that the relative orientation of the body about
the symmetry axis is irrelevantand only the location of the symme-
try axis is of interest. This could be the case when the symmetry
axis coincides with the boresight or line of sight of a camera, an
optical telescope, or a gun barrel, for example. Clearly, the relative
rotation of the camera or the barrel has no in� uence on the clarity
of the photograph or the accuracy of the projectile. Spin-stabilized
spacecraft also fall into this category.

For the axisymmetriccase it turnsout that theobjectiveof optimal
reorientationof the symmetry axis can be achieved using only two
torquesaboutaxes that span theplaneperpendicularto the symmetry
axis. For simplicity, we consider the time-optimal reorientation of
an axisymmetric rigid spacecraft with two control torques acting
perpendicularto the symmetryaxisand to eachother. It canbe shown
that in this case, the torque axes are also principal directions of the
moment of inertia matrix. The spacecraftmay be spinning about its
symmetry axis with a constant angular velocity. The main effort in
thispaper is devotedonanalyzingthe formulasfor thepossiblebang-
bang and singular control subarcs and the correspondingnecessary
conditions.

The paper is organized in the following manner. First, the sys-
tem model is given and the problem formulation is presented. The
optimality conditionsare derived from Pontryagin’s minimum prin-
ciple, and the singular arcs are analyzed completely. We then apply
the analysis to the specialcase of an inertially symmetric rigid body
with two controls and the case of a nonspinningaxisymmetric rigid
body. A cascaded computational scheme is discussed in the sequel
for numerically solving for the optimal trajectories. This scheme
avoids the often intractable task of � nding “good” initial guesses
for the states, costates, and the optimal switching structure. The nu-
merical results at the end of the paper show the effectiveness of
the proposed computational scheme applied to the time-optimal
reorientation problem of an axisymmetric spacecraft with two
controls.

Fig. 1 Axisymmetric rigid body with two controls.

II. Problem Formulation
Consider an axisymmetric rigid body with two control torques

as shown in Fig. 1. A body-�xed reference frame Ob D . Ob1; Ob2; Ob3/
is de� ned with the unit vector Ob3 pointing along the symmetry
axis. The control system generates two control torques T1 and
T2 along the Ob1 and Ob2 axis, respectively, as shown in Fig. 1. Let
! D .!1; !2; !3/

T 2 R3 denote the angular velocity vector in the Ob
frame, and I1; I2 , I3 be the moments of inertia with respect to the
three axes just de� ned. Then Euler’s equations18 with respect to this
frame take the form

I1 P!1 D .I2 ¡ I3/!2!3 C T1 (1a)

I2 P!2 D .I3 ¡ I1/!3!1 C T2 (1b)

I3 P!3 D .I1 ¡ I2/!1!2 (1c)

Because I1 D I2, if we let the initial condition !3.0/ D !30, !3 will
remain constant throughoutthe maneuver, and the equationsreduce
to

P!1 D a!30!2 C u1 (2a)

P!2 D ¡a!30!1 C u2 (2b)

where a D .I2 ¡ I3/=I1 and u1 and u2 are the new control inputs
given by u i D Ti=Ii , i D 1; 2. Note that for physical systems we al-
ways have that ¡1 < a < 1.

As shown by Tsiotras and Longuski,19 if On D . On1; On2; On3/ denotes
the inertial reference frame, then the position of the On3 inertial axis
in the body-� xed b̂ framecan beuniquelydescribedby two variables
w1 and w2 that are de� ned as

w1 D ¯=.1 C ° /; w2 D ¡®=.1 C ° / (3)

where®, ¯ , and ° denotethe directioncosinesof axis On3 with respect
to Ob frame, i.e., On3 D ® Ob1 C ¯ Ob2 C° Ob3. It can be shown19 that w1 and
w2 can be obtained by stereographically projecting the unit vector
On3 onto the Ob1­ Ob2 plane.20 Moreover, w1 and w2 obey the following
differential equations:19;20

Pw1 D !30w2 C !2w1w2 C .!1=2/ 1 C w2
1 ¡ w2

2 (4a)

Pw2 D ¡!30w1 C !1w1w2 C .!2=2/ 1 C w2
2 ¡ w2

1 (4b)

Given the system of Eqs. (2) and (4) we seek to minimize the
performance index

min
u2 U

J D min
t f

t0

1 dt (5)

subject to the initial conditions

!.0/ D [!1.0/; !2.0/]T given

w.0/ D [w1.0/; w2.0/]T given
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and � nal conditions

9[!.t f /; w.t f /] D 0 (6)

where 9 : R4 7! Rk , k · 4 is a given smooth vector function, and
the control constraint set is given by

U D fu : jui j · u i max; i D 1; 2g (7)

with u i max > 0; i D 1; 2:
This problem has the following physical interpretation. For an

observer in the Ob frame, the location of the inertial On3 axis is given
by w1 and w2 . The time-optimal control problem then consists of
reorientingthe spacecraftbetween given relative locations of the On3

(expressed in the body frame). We point out that using only Eqs. (2)
and (4) it is not possible to specify the absolute orientation of the
spacecraft in the inertial frame. In particular, it is not possible to
determine the relative orientation of the spacecraft about the On3

axis. That would require, of course, a third attitude parameter to
complementw1 and w2 .19 Such “reduced” attitude informationmay
be suf� cient, for example, in case of reorientationof the symmetry
axis of an axisymmetric spacecraft along a given direction,e.g., the
line of sight of an optical telescope.

III. Optimality Conditions
For simplicity, let the state vector [!1; !2; w1; w2]T 2 R4 be de-

noted by the vector [x1; x2; x3; x4]T 2 R4 and let m D !30. Then
Eqs. (2) and (4) are rewritten as

Px1 D amx2 C u1 (8a)

Px2 D ¡amx1 C u2 (8b)

Px3 D mx4 C x2x3x4 C .x1=2/ 1 C x2
3 ¡ x2

4 (8c)

Px4 D ¡mx3 C x1x3x4 C .x2=2/ 1 C x2
4 ¡ x2

3 (8d)

The Hamiltonian H for this problem is de� ned by

H D 1 C ¸1 Px1 C ¸2 Px2 C ¸3 Px3 C ¸4 Px4

D 1 C am¸1x2 C ¸1u1 ¡ am¸2x1 C ¸2u2

C m¸3x4 C ¸3x2x3x4 C ¸3x1
1 C x2

3 ¡ x2
4

2

¡ m¸4x3 C ¸4x1x3x4 C ¸4x2
1 C x2

4 ¡ x2
3

2
(9)

The costate equations, de� ned by P̧ D ¡ .@H=@x/T , are

P̧
1 D am¸2 ¡ ¸3

1 C x2
3 ¡ x2

4

2
¡ ¸4x3x4 (10a)

P̧
2 D ¡am¸1 ¡ ¸4

1 C x2
4 ¡ x2

3

2
¡ ¸3x3x4 (10b)

P̧
3 D ¡¸3x2x4 ¡ ¸3x1x3 C m¸4 ¡ ¸4x1x4 C ¸4x2x3 (10c)

P̧
4 D ¡¸3x2x3 C ¸3x1x4 ¡ m¸3 ¡ ¸4x1x3 ¡ ¸4x2x4 (10d)

with ¸.t f / given by the transversalitycondition

¸T .t f / D ºT @9

@x.t f /
(11)

where º 2 Rk is a constant multiplier vector.
From Pontryagin’s minimum principle,17 the optimal control u¤

is chosen such that the Hamiltonian H is minimized:

u¤.t/ D arg min
u 2 U

H.x.t/; ¸.t/; u/; 8t ¸ 0 (12)

Because both controls u1 and u2 appear only linearly in the Hamil-
tonian H, the optimal control u¤

i is given by

u¤
i D

Cui max if ¸i < 0

¡ui max if ¸i > 0

singular if ¸i ´ 0

i D 1; 2; (13)

The transversality condition associated with the � nal time t f is
given by

H.t f / D 0 (14)

Equation (9) shows that theHamiltonianH is not an explicitfunction
of time t , hence H.t/ ´ 0, for t 2 [t0; t f ].

IV. Singular Control Analysis
Let Si , i D 1; 2 be the switching functions, de� ned by

Si D @H
@ui

; i D 1; 2 (15)

Here Si D ¸i , i D 1; 2. From Eq. (13), u¤
i is singularwhenever Si ´ 0

during a nonzero interval [t1; t2] ½ [t0; t f ]. In this case the control
component u¤

i is determined implicitly by the condition Si ´ 0. In-
deed, u¤

i can be obtained by differentiating Si ´ 0 until the control
componentu i appearsexplicitly.21 For u¤

i to beoptimal, it is required
that Si be differentiated an even number of times.5;22;23 Therefore,
u¤

i can be determined by solving

u¤
i D arg

d2ki Si

dt 2ki
D 0 ; i D 1; 2 (16)

where 2ki is the least number of differentiations of Si that are re-
quired until the correspondingu i appears. It is also evident that the
switching functions and their time derivatives up to .2ki ¡ 1/th or-
der are zero along the singular subarc [t1; t2], i.e., Si D PSi D ¢ ¢ ¢ D
S.2ki ¡ 1/

i D 0, t 2 [t1; t2]. In addition, Kelley’s optimality condi-
tion23;24 (also known as the generalized Legendre-Clebsch condi-
tion)

.¡1/ki
@

@ui

d2ki Si

dt2ki
¸ 0 (17)

has to be satis� ed along an optimal singular subarc.
A complete analysis of all possible singular control cases, i.e.,

with two and only one control being singular, is presented in the
following three subsections. Before proceeding with this analysis,
note that PS1 and PS2 are given by Eqs. (10a) and (10b), respectively,
and that

RS1 D am2¸1 C m.1 C a/ P̧
2 C .¸3x4 ¡ ¸4x3/x2 (18a)

RS2 D am2¸2 ¡ m.1 C a/ P̧
1 ¡ .¸3x4 ¡ ¸4x3/x1 (18b)

Another important equation that we will frequently use in the
derivation is

d
dt

.¸3x4 ¡ ¸4x3/ D .am¸1 C P̧
2/x1 C .am¸2 ¡ P̧

1/x2 (19)

which can be readily derived from Eqs. (8) and (10). Henceforth, it
will be assumed that m 6D 0 and a 6D 0; namely, the rigid body is not
inertially symmetric and it is spinning about its symmetry axis with
a nonzero constant angular velocity !3 D m . The cases a D 0 and/or
m D 0 are treated separately in Sec. V.

A. Case 1: Both u1 and u2 Are Singular
From Eq. (13), when both u1 and u2 are singular during

t 2 [t1; t2] ½ [t0; t f ], we have

S1 D ¸1 ´ 0; S2 D ¸2 ´ 0 (20)

which imply that

PS1 D P̧
1 ´ 0; PS2 D P̧

2 ´ 0 (21)

Substitution of Eqs. (20) and (21) into Eq. (9) yields

H D 1 C m.¸3x4 ¡ x3¸4/ (22)

and substitution of Eqs. (20) and (21) into Eqs. (18) yields

RS1 D .¸3x4 ¡ ¸4x3/x2; RS2 D ¡.¸3x4 ¡ ¸4x3/x1 (23)
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From Eqs. (14) and (22), we have that H ´ 0 implies that .¸3x4 ¡
x3¸4/ 6D 0. Thus, during the singular arc [t1; t2], Eqs. (23) imply
x2 D 0 and x1 D 0. Taking the third-time derivativeof S1 and S2 and
using Eqs. (8a) and (8b), we get explicit expressions for controlsu1

andu2. In particular,S.3/

1 D 0 implies thatu2 D 0 and S.3/

2 D 0 implies
that u1 D 0. The control u2 appears in the third-time derivative of
S1 and u1 appears in the third-time derivative of S2. Because the
controls appear after differentiating the switching functions an odd
number of times, the controls are not optimal.22

The previous analysis has shown that the case when both u1 and
u2 are singular is ruled out. Nevertheless, a more careful look re-
veals that this case may be very close to optimal for large values of
the spin-ratem. To this end, recall that along a singular arc, the con-
ditions ¸1 D ¸2 D P̧

1 D P̧
2 D 0 should be satis� ed. Thus, Eqs. (10a)

and (10b) imply that

¡
1 C x2

3 ¡ x2
4

2
¡x3x4

¡x3x4 ¡
1 C x2

4 ¡ x2
3

2

¸3

¸4
D 0 (24)

Because .¸3; ¸4/ 6D .0; 0/ the previous coef� cient matrix must be
singular.Calculating the determinantof this matrix, one obtains that
a singular arc with both u1 D u2 D 0 can occur only if x2

3 C x2
4 D 1.

Because x1 D x2 D 0, along a singular arc the system equations
are given by

Px3 D mx4 (25a)

Px4 D ¡mx3 (25b)

The solution of the previous system is given by

x3.t/

x4.t/
D

cosmt sin mt

¡sin mt cos mt

x3.0/

x4.0/
(26)

Note that if x2
3 .0/ C x2

4 .0/ D 1 then x2
3 .t/ C x2

4 .t/ D 1 for all t ¸ 0.
This implies that singular subarcs indeed exist for speci� c bound-
ary conditions. From the de� nition of the state vector, the condi-
tion x2

3 C x2
4 D 1 corresponds to the case when the inertial On3 and

the body Ob3 axes are perpendicular to each other. For an observer
in the spacecraft frame, the inertial On3 axis rotates about Ob3 axis at
a constant rate ¡m rad/s in the Ob1­ Ob2 plane. Both initial and � nal
conditions correspond to different locations of the On3 axis in the
Ob1­ Ob2 plane. The singular solution suggests letting the body coast
from the initial to the � nal position by a pure rotation about the Ob3

axis. This situation is shown in Fig. 2.
The time to complete the maneuver can be calculated explic-

itly from Eq. (26). For example, in case .x3.0/; x4.0// D .1; 0/ and
.x3.t f /; x4.t f // D .0; ¡1/ one obtains that

t f D ¼=2m (27)

The optimality conditions in this section have shown that this
maneuver is not optimal. Indeed, simulations using the numerical

Fig. 2 Singular control maneuver (u1 = u2 = 0).

Table 1 Comparison between singular
and bang-bang solutions

m (rad/s) t f (singular) t f (bang-bang)

0.5 3.141592 2.328614
1.0 1.570796 1.507866
1.5 1.047197 1.038082
2.0 0.785398 0.783575
4.0 0.392699 0.392674
6.0 0.261799 0.261798
10.0 0.157080 0.157080
1 0 0

scheme described in Sec. VI showed that a bang-bangsolution con-
sisting of one switch for each u1 and u2 gives a better (smaller)
� nal time, i.e., an additional nutation decreases the maneuver time.
Table 1 gives the numerical results for ui max D 1, i D 1; 2 and for
initial and � nal conditions as previously shown. Note that these
results are valid for any ui max . As the upper bound of the control
u i max is decreased, the bang-bang (optimal) solution increases and
approaches the coasting maneuver as ui max ! 0.

The results in Table 1 show that the differenceof the � nal time be-
tween the coastingmaneuver in Eq. (26) and the bang-bangsolution
decreases as the spin-rate m increases. This agrees with our intu-
ition. For this example, the two solutions give essentially the same
value of t f for m D 10 rad/s. For values above m D 10 rad/s nu-
merical issues prevent accurate calculationof the optimal trajectory
using EZopt (see Sec. VI for a discussion on the numerical scheme
used in this paper to calculate the optimal trajectories). The results
in Table 1 correspond to an inertia parameter a D 0:5, but similar
results were obtained for other values of a. Therefore, the results
are generic regardless of whether the body is prolate or oblate. We
can conclude that the singular maneuver is not optimal in this case.
In practice, however, when the spinning rate is high, this coasting
maneuver can be used as a suboptimal minimum-time maneuver.

B. Case 2: Only u1 Is Singular
In the previous subsection, we have ruled out the possibility

that both controls u1 and u2 become singular at the same time.
This observation is in accordance with similar results for the in-
ertially symmetric case with three controls.5 In this subsection
we will assume that only u1 is singular during some interval
[t1; t2] ½ [t0; t f ], whereas u2 is bang-bang.From Eq. (13) we there-
fore have S1 D ¸1 D 0, which implies that along the singular arc
PS1 D P̧

1 D 0. Substitution of these two equations into Eq. (18a)
yields RS1 D m.1 C a/ P̧

2 C .¸3x4 ¡ ¸4x3/x2. Because the control u1

does not appear in the equation of RS1, we have to take the third
derivative of S1:

S.3/

1 D am3.1 C a/¸2 ¡ m.1 C 2a/.¸3x4 ¡ ¸4x3/x1

C x1x2
P̧

2 C amx2
2 ¸2 C u2.¸3x4 ¡ ¸4x3/ (28)

where we have made use of ¸1 D P̧
1 D 0.

Again, the control u1 does not appear in the equation of S.3/

1 , so
we shall take the fourth derivative of S1 . The control u1 appears in
S.4/

1 explicitly;

S.4/

1 D A1 C B1u1 (29)

where A1 and B1 are the coef� cients that are given by

A1 D 2a.a C 1/2m3 ¡ 2amx2
1 C 2amx2

2 C 2x1u2
P̧

2

¡ 4a2m2x1 ¡ 3amu2 x2¸2 (30a)

B1 D x2
P̧

2 ¡ m.1 C 2a/.¸3x4 ¡ ¸4x3/ (30b)

and P̧
2 is given by Eq. (10b). From the discussion in Sec. IV, the

optimal singular control u1 is of second order and is given by

u1 D ¡A1=B1 (31)

Kelley’s necessary condition for optimality requires that

B1 ¸ 0 (32)
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C. Case 3: Only u2 Is Singular
The same analysis as for the case when only u1 is singular can

be repeated for u2 if only u2 is singular whereas u1 is bang-bang.
In general, the optimal singular control u2 is of second order and is
given by

u2 D ¡A2=B2 (33)

where

A2 D ¡2a.a C 1/2m3 ¡ 2amx2
1 C 2amx2

2 C 2x2u1
P̧

1

¡ 4a2m2x2 C 3amu1 x1¸1 (34a)

B2 D x1
P̧

1 ¡ m.1 C 2a/.¸3x4 ¡ ¸4x3/ (34b)

Kelley’s necessary condition for optimality requires

B2 ¸ 0 (35)

V. Special Cases
In the discussion in the previous section, it was assumed that

m 6D 0 and a 6D 0. In this section, we will consider two special cases
when a D 0 and/or m D 0, respectively.These two cases correspond
to an inertially symmetric rigid body and a nonspinning axisym-
metric rigid body, respectively. For these cases, the equations are
simpli� ed signi� cantly and a better insight is gained about the op-
timal solutions.

A. Inertially Symmetric Rigid Body (a = 0)
For an inertiallysymmetric rigid body, it is a D 0, and the dynam-

ics are simply

Px1 D u1 (36a)

Px2 D u2 (36b)

whereas the kinematics remain the same as given by Eqs. (8c) and
(8d). In this section, we assume that m 6D 0, i.e., the rigid body has
a nonzero angular velocity component about the Ob3 axis. As before,
we examine the three different cases separately.

1. Case 1: Both u1 and u2 Are Singular
In this case, as in Sec. IV.A, because both u1 and u2 are singu-

lar, we have ¸1 D P̧
1 D ¸2 D P̧

2 D 0. The Hamiltonian then becomes
H D 1 C m.¸3x4 ¡ x3¸4/. From Eq. (18) the second derivative of
S1 and S2 yields RS1 D .¸3x4 ¡ ¸4x3/x2 and RS2 D ¡ .¸3x4 ¡ ¸4x3/x1.
Because the Hamiltonian has to be zero along the whole trajectory,
and because m 6D 0, one obtains .¸3x4 ¡ x3¸4/ 6D 0. Now letting the
second derivativeof S1 and S2 be zero yields x2 D 0 and x1 D 0. Tak-
ing the third-time derivative of S1 and S2 and letting it be zero, we
get u2 D 0 and u1 D 0. As in Sec. IV.A, because the controls u1 and
u2 appear in the third-time derivative of S1 and S2, these controls
are not time optimal.22

2. Case 2: Only u1 Is Singular (u2 Is Bang-Bang)
In this case, because u2 is bang-bang, we have x2 6D 0, except

possiblyat some isolatedpoints. The controlu1 is assumedsingular,
so that we have ¸1 D P̧

1 D 0, and following the same approach as in
Sec. IV.B one obtains that the singular control is of second order
and is given by

u1 D ¡ 2x1u2
P̧

2

x2
P̧

2 ¡ m.¸3x4 ¡ ¸4x3/
(37)

where

P̧
2 D ¡¸4

1 C x2
4 ¡ x2

3

2
¡ ¸3x3x4 (38)

Kelley’s optimality condition requires

x2
P̧

2 ¡ m.¸3x4 ¡ ¸4x3/ ¸ 0 (39)

Because in this case the Hamiltonian takes the simple form

H D 1 C ¸2u2 ¡ P̧
2x2 C m.¸3x4 ¡ ¸4x3/ (40)

and because u2 D ¡ u2 max sgn.¸2/, we have

P̧
2x2 ¡ m.¸3x4 ¡ ¸4x3/ D 1 C ¸2u2 D 1 ¡ u2 maxj¸2j (41)

and Kelley’s optimality condition is equivalent to u2 maxj¸2j · 1.
From Eqs. (37) and (41), we can see that the optimal control u1

is only de� ned when j¸2j 6D 1=u2 max except at some isolated points.
In practice, it is possible that j¸2j D 1=u2 max along the singular arc
and u1 is no longer de� ned in Eq. (37). In this case, because ¸2 is
continuous,17 either ¸2 D 1=u2 max or ¸2 D ¡ 1=u2 max holds. There-
fore, P̧

2 D 0, and RS1 D 0 implies ¸3x4 ¡ ¸4x3 D 0 because x2 6D 0.
From Eq. (18a), we can see that S.3/

1 automatically equals zero,
and all higher-order derivatives of S1 will be zero identically as
well. Therefore, the optimal control u1 is an in� nite-order singular
control and it can be chosen arbitrarily as long as the boundarycon-
ditions are satis� ed.5 In this case, substitution of ¸3x4 ¡ ¸4x3 D 0
into P̧

1 D 0 and P̧
2 D 0 yields ¸3 D ¸4 D 0 along the in� nite-order

singular arc.

3. Case 3: Only u2 Is Singular (u1 Is Bang-Bang)
This case is similar to case II. If j¸1j 6D 1=u1 max except possibly

at some isolated points, the optimal singular control u2 is of second
order and is given by

u2 D ¡ 2x2u1
P̧

1

x1
P̧

1 ¡ m.¸3x4 ¡ ¸4x3/
(42)

where

P̧
1 D ¡¸3

1 C x2
3 ¡ x2

4

2
¡ ¸4x3x4 (43)

Kelley’s optimality condition requires j¸1j · 1=u1 max. If j¸1j D
1=u1 max along the singular trajectory, the optimal singular control
u2 is of in� nite order and can be chosen arbitrarily as long as all
of the boundary conditions are satis� ed. In this case necessarily
¸3 D ¸4 D 0 along the singular arc.

B. Nonspinning Axisymmetric Rigid Body (m = 0)
If the body is not spinning, i.e., m D 0, then the system equations

are simpli� ed as

Px1 D u1 (44a)

Px2 D u2 (44b)

Px3 D x2x3x4 C x1
1 C x2

3 ¡ x2
4

2
(44c)

Px4 D x1x3x4 C x2
1 C x2

4 ¡ x2
3

2
(44d)

These equations describe the dynamics and kinematics of both an
axisymmetric and an inertially symmetric body. Again in the anal-
ysis we will discuss the possibility of both controls being singular
and only one control being singular.

1. Case 1: Both u1 and u2 Are Singular
In this case, as in Sec. IV.A, because both u1 and u2 are singular

during [t1; t2] ½ [t0; t f ], we get ¸1 D P̧
1 D ¸2 D P̧

2 D 0. Substituting
these equations into Eq. (9), it follows immediately that H D 1.
This contradicts the necessary condition that the Hamiltonian has
to be zero along the whole trajectory.Therefore both controlsbeing
singular is impossible for a nonspinning symmetric body.

2. Case 2: Only u1 Is Singular (u2 Is Bang-Bang)
In this case, becauseu2 D ¡u2 max sgn.¸2/, we have x2 6D 0 except

possiblyat some isolatedpoints.The controlu1 is assumed to be sin-
gular, so that by taking successivederivativesof ¸1 one obtains P̧

1 D
¡¸3.1 C x2

3 ¡ x2
4 /=2 ¡ ¸4x3x4 D 0 and Ŗ

1 D .¸3x4 ¡ ¸4x3/x2 D 0.
Because x2 6D 0, necessarily¸3x4 ¡ ¸4x3 D 0. From Eq. (28) we have
for the third derivative of S1:

S.3/

1 D x1x2
P̧

2 (45)
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If P̧
2 6D 0, then letting S.3/

1 D 0, we have x1 D 0. Taking the fourth
derivative of S1 , we have that u1 explicitly appears in S.4/

1 . Letting
S.4/

1 D 0, we get the explicit expressionfor the second-orderoptimal
singular control u1 as

u1 D 0 (46)

Kelley’s optimality conditionrequires that x2
P̧

2 ¸ 0. Because in this
case theHamiltoniantakes the simple formH D 1 C ¸2u2 ¡ P̧

2x2 we
have

P̧
2x2 D 1 C ¸2u2 D 1 ¡ u2 max j¸2j (47)

and Kelley’s optimality condition is equivalent to u2 max j¸2j · 1.
Substituting ¸3x4 ¡ ¸4x3 D 0 into P̧

1 D 0, we get ¸3 D 0 necessar-
ily along the singular arc, so that P̧

2 6D 0 implies ¸4 6D 0. Therefore,
¸3x4 ¡ ¸4x3 D 0 implies that x3 D 0. Thus along the singular subarc,
x1 D x3 D 0.

If P̧
2 D 0 along the singular arc, from Eq. (45), we can see that

S.3/

1 automaticallyequals zero, and all higher-orderderivativesof S1

will be zero identically as well. Therefore, the optimal control u1 is
an in� nite-order singular control and it can be chosen arbitrarily as
long as the boundaryconditionsare satis� ed.5 From Eq. (47), P̧

2 D 0
implies ¸2 D §1=u2 max . Substitutionof ¸3x4 ¡ ¸4x3 D 0 into P̧

1 D 0
and P̧

2 D 0 yields that ¸3 D ¸4 D 0 along an in� nite-order singular
arc.

3. Case 3: Only u2 Is Singular (u1 Is Bang-Bang)
Consider the case when only u2 is singular and u1 is bang-bang.

Then the same analysis as in case II yields the following results. If
P̧

1 6D 0, except possiblyat some isolatedpoints, the optimal singular
control u2 is of second order and given by

u2 D 0 (48)

Kelley’s optimality condition requires that u1 max j¸1j · 1. Along the
singular subarc, x2 D x4 D 0.

If P̧
1 D 0 along the singular arc, the optimal singular control u2

is of in� nite order and can be chosen arbitrarily as long as all of the
boundary conditions are satis� ed. In this case, ¸1 D § 1=u1 max and
¸3 D ¸4 D 0.

We note that from Eqs. (46) and (48), it can be seen that the
second-order singular arc for a nonspinning body is an eigenaxis
rotation.

VI. Numerical Approach for Computing
Optimal Solutions

The optimal solutions are obtained numerically using a cascaded
computationalscheme.Both a directmethodand an indirectmethod
are used in this scheme. A direct method is applied � rst to get
initial guessesfor the indirectmethod,which is then solved to obtain
accurateoptimalsolutions.The ideaof combiningdirectand indirect
methods for solving optimal control problems was introduced by
Stryk and Bulirsch25 and later by Seywald and Kumar26 to take
advantage of both the good convergence properties of the direct
methods and the accuracy of the indirect methods.

This scheme is illustrated in Fig. 3. Three programs are used in
this numerical approach: EZopt, COSCAL, and BNDSCO. BND-
SCO solves the problem using an indirect method, i.e., the optimal
solutions are determined by solving the multipoint boundary value
problem arising from Pontryagin’s minimum principle using a mul-
tiple shooting method.27 It converges quickly to the optimal solu-
tion, and the solution obtained is of very high accuracy. However,
the radius of convergence of this method is rather small because it
requires very good initial guesses for the states, controls, costates,
Lagrange multipliers, and switching structure.25;26 A major dif� -
culty is that in most cases we do not know the optimal switching
structure in advance. Also, initial guesses for the costates and the
Lagrange multipliers are nontrivialbecause these do not, in general,
have any intuitive physical interpretation.

EZopt28 solves the problem using a direct method, namely, the
optimal solution is determined by directly minimizing the cost cri-
terion through collocation and nonlinear programming. The radius

Fig. 3 Cascaded com-
putational scheme for
optimal solution com-
putation.

of convergence of the direct method is usually much larger than
that of the indirect method.25;26 The program converges on much
less accurate initial guesses. The speed of convergenceis, however,
much slower compared with BNDSCO. Because this method does
not involve costates, one needs to provide only initial guesses for
the states and controls. In addition, the switching structure does
not have to be known in advance. A disadvantage of this method
is that the solutions obtained may not be as accurate as those ob-
tained from an indirect method.6;25 This is especially true around
switching points and when singular subarcs appear as part of the
overall optimal solution. The accuracy of the solution depends on
the discretization scheme and the number of the discrete nodes.
However, these solutionsare good enough to determine roughly the
trajectories, states, controls, switching structure, and if they exist,
singular subarcs.Thus, they providegood initial guesses for a direct
optimization software package such as BNDSCO.

Based on the foregoingdiscussion,we have developeda software
package that combines the two programs (EZopt and BNDSCO) to-
gether to overcome the drawbacks of each method. That is, we use
the results from EZopt as an initial guess for BNDSCO. With this
initial guess, BNDSCO typically converges very fast and gives ac-
curate and reliable results. In addition, the optimalityof the solution
can be readily checked from the time history of the corresponding
switching functions. One major obstacle with this approach is that
BNDSCO needs the initial guesses for the costates (in addition to
the states and the correct switching structure), which EZopt does not
provide.Thus, the programCOSCAL was developedby the authors
to calculatethecostatesat eachnodefromtheKuhn-Tuckermultipli-
ers associatedwith the nonlinearprogramming,provided by EZopt.
The methodology is based on the work of Seywald and Kumar.26

VII. Numerical Results
EZopt, COSCAL, and BNDSCO together form a cascaded com-

putational scheme that is very effective in carrying out the optimal
control computations.It has been used extensivelyby the authors to
solve several optimal control problems. In this section we present
threenumerical examples for the minimum-time reorientationprob-
lem, demonstrating the trajectorieswith bang-bangcontrol subarcs,
� nite-order control subarcs, and in� nite-order control subarcs. Fi-
nally, we will give a comparison between the eigenaxis rotationand
the true minimum-time rotation for an axisymmetric rigid body.
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Fig. 4 Control u1 and costate ¸1 for bang-bang maneuver.

Fig. 5 Control u2 and costate ¸2 for bang-bang maneuver.

A. Bang-Bang Control Example
For theproblemat hand,bang-bangcontrolis obtainedin most sit-

uations, including both rest-to-rest and non-rest-to-restmaneuvers.
The optimal control is given in Eq. (13). As an example of a bang-
bang maneuver, consider the following initial and � nal conditions:
x.0/ D [0; 0; 1:5; ¡0:5] and x.t f / D [0; 0; 0; 0]. The parameters a
and m are chosen to be a D 0:5 and m D ¡ 0:5 rad/s. The control
inputs are assumed to be bounded by u1 max D u2 max D 1:0.

This example represents a rest-to-rest maneuver with respect to
the two control axes because the body is spinning only about its
symmetry axis at a constant rate. The initial boundary condition
corresponds to a relative attitude such that the initial angle between
the Ob3 axis and On3 axis is 115.38 deg. An optimal control is to be
found to reorient the body until Ob3 and On3 axes are aligned in a
rest situation. The optimal control for this example was found to be
bang-bang with the � rst control having one switch and the second
control having two switches. The minimum time to complete this
maneuver is 2.61 s.

Figures 4 and 5 show the control inputs and the corresponding
switchingfunctions.Figure 6 shows the historyof the angularveloc-
ities!1 and!2, and Fig. 7 shows the time historyofw1 and w2. Recall
that w1 and w2 represent the relative position of the inertial axis On3

with respect to the body-�xed frame b̂. In these � gures, the solid
lines stand for the optimal results obtained from BNDSCO (states,
controls, and costates), whereas the circles show the initial guesses
obtained from EZopt (states and controls) or COSCAL (costates).

From these plots, one can see that the solution obtained from
EZopt almost captures the properties of the optimal solution, al-
though some discrepancy exists at the switching points. The plots
also show that COSCAL provides very accurate guesses for the
costates.

For the calculations shown in Figs. 4­ 7, 21 nodes were used for
EZopt.The initialguessesforEZopt are trivial(all of the initialguess
values are zero). EZopt converged in 2 min on a SPARCstation 5.
Eleven nodesare used in BNDSCO, and with the initial guessespro-
vided by EZopt and COSCAL, BNDSCO convergedin less than 2 s.
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Fig. 6 Angular velocities !1 and !2 for bang-bang maneuver.

Fig. 7 Time histories of w1 and w2 for bang-bang maneuver.

B. Finite-Order Singular Control Example
Finite-order singular subarcs can be part of an optimal solu-

tion only in some particular situations. As an example, a second-
order singular control was observed for the boundary conditions
x.0/ D [¡0:45; ¡1:1; 0:1; ¡0:1] and x.t f / D [0; 0; 0; 0]. The pa-
rameters for this case are given by a D 0:5 and m D 0, and the
control inputs are bounded by u1 max D u2 max D 1:0. This example
corresponds to a nonspinningaxisymmetric body. For these values
of w1 and w2 the angle between Ob3 axis and On3 axis is 16.1 deg. The
control is required to reorient the body until the symmetry axis Ob3

is aligned with the inertial axis On3 in a rest situation. It turns out
that the � rst control has a singular subarc and the second control is
bang-bang.The expression for the optimal singular control is given

by Eq. (46). The minimum time is 2.88 s. The results of the nu-
merical simulations are shown in Figs. 8­ 12. Although the analysis
in Sec. III does not preclude the existence of singular subarcs in
the case when m 6D 0, we were unable to � nd optimal trajectories
with singular subarcs for the spinning case. Figures 8 and 9 show
the control inputs and the corresponding switching functions. Fig-
ure 10 shows the time historyof the angularvelocities!1 and !2 and
Fig. 11 shows the time history of w1 and w2. Figure 12 shows the
same trajectory on the w1-w2 plane. From Fig. 8 we can see that
the control u1 is singular after t D 1:904 s. In the w1-w2 plane, if
the body is not spinning about its symmetry axis, then an eigenaxis
rotation is represented by a straight line. Figure 12 indicates that
along the bang-bang subarc the time-optimal trajectory is not an
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Fig. 8 Control u1 and costate ¸1 for singular subarc maneuver.

Fig. 9 Control u2 and costate ¸2 for singular subarc maneuver.

eigenaxis rotation and along the singular subarc the time optimal
trajectory is an eigenaxis rotation.

In these � gures, the solid lines show the optimal solutionobtained
from the solutionof the TPBVP and the stars indicate the solutionof
the directmethod, which was used as an initial guess for the TPBVP
solver.From theseplots it is seen that the bang-bangsubarcobtained
from EZopt captures the optimal bang-bang subarc very well. The
singular control subarc obtained from EZopt is not as accurate, but
the output from EZopt gives a good understanding about the exis-
tence and location of a singular subarc. Again, COSCAL captures
the time history of the costates very well.

In this example, the calculations in EZopt were performed us-
ing 31 nodes, which required EZopt about 5 min to converge from
all-zero initial guesses. On the other hand, using the output from
EZopt/COSCAL, BNDSCO converged in about 2 s.

The appearance of a singular subarc in the optimal trajectory
deservesspecialmention.Kelley’s necessaryconditionalone(which

was found to be satis� ed for this example) does not guarantee that
the singular subarc will indeed be part of the composite optimal
trajectory. The boundary conditions will determine if this is true
or not. Even in the case when a trajectory composed of bang-bang
and singularsubarcssatis� es theboundaryconditions,the � rst-order
necessaryconditions,and Kelley’s conditionon the singularsubarc,
it is still not guaranteed that this solution is optimal. In particular,
the joining between bang-bang and singular subarcs has to satisfy
certain junction conditions. Such optimality conditions are given
in Refs. 23 and 29. For a second-order singular arc (as the one in
Fig. 8) the main condition in Ref. 29 states that the optimal control
should be continuous at each junction, i.e., a jump discontinuity
when joining a nonsingularand a singular control is not allowed. At
� rst glance, this seems to contradict the result in Fig. 8. However,
the results in Ref. 29 assume that the control is piecewise analytic.
This is shown not to be the case for singular arcs of even order
(and also for arcs of odd order greater than one) in Ref. 30; see
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Fig. 10 Angular velocities !1 and !2 for singular subarc maneuver.

Fig. 11 Time histories of w1 and w2 for singular subarc maneuver.

also Ref. 31. Thus, for even-order singular subarcs (and odd-order
singulararcsof ordergreater than one) the junctionbetweensingular
and nonsingular arcs is not analytic, i.e., the control consists of
a sequence of an in� nite number of switchings between u D umin

and u D umax with the time between switchings rapidly decreasing.
More relevant to our case is that singular controls may manifest
themselves as the cumulative effect of the in� nite number of bang-
bang control actions (chattering). If this is the case, the solution
of the differential equations have to be interpreted in the Filippov
sense,32 and the singularcontrol is then the equivalentcontrolaction
associated with the chattering control.31

The previousdiscussionreinforcesourobservationsfor the singu-
lar control in Fig. 8. The solutionfromEZopt shows that the optimal
control switches rapidly after t D 1:904. The subarc after that point
is identi� ed as a singular subarc, and the solid line stands for the
optimalsolution(given fromBNDSCO) thatuses theequivalentsin-
gular control u1 D 0, obtained using the necessary conditions. This
singularcontrolhas theequivalenteffectof a bang-bangcontrolwith
in� nite number of switchings. It must be pointedout that the substi-
tution of a chatteringbang-bangcontrol with its equivalentsingular
form is more than a mathematical convenience. In practice, it is of-
ten preferable to use the equivalent singular control action instead
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Fig. 12 Optimal trajectory with singular subarc in w1­ w2 plane.

Fig. 13 Two possible solutions for u1 for an in� nite-order singular arc maneuver.

of switching between the upper and lower bounds in� nitely fast. At
any rate, in both cases, the optimal state trajectory is the same.

C. In� nite-Order Singular Control Example
As a demonstration of the in� nite-order singular control, the

boundary conditions x.0/ D [0; 0; 0; 0] and x.t f / D [1:0; 2:0; free;
free] are considered. In this example a D 0, m D ¡ 0:3, and
u1 max D u2 max D 1 are also assumed.The in� nite-ordersingularcon-
trol corresponding to these parameters is discussed in Sec. V.A.2.
From the boundary conditions we can see that the purpose of this
maneuver is to accelerate the angular velocity components !1 and
!2 from zero to 1.0 rad/s and 2.0 rad/s, respectively.The � nal posi-
tion is not important in this case. Because Px1 D u1 and Px2 D u2 , the

minimum time that x2 reaches 2:0 rad/s is 2 s, during which x1 can
obtain its � nal value x1.t f / D 1 rad/s in many ways. Therefore, an
in� nite-ordersingularcontrol is a possiblesolutionfor this problem.
Two possible solutions for u1 are presented.Figures13 and 14 show
the two possible solutions for the controlu1 and the angular velocity
!1. Similar in� nite-order results can be obtained when m D 0, with
this case discussed in Sec. V.B.2.

D. Comparison Between Eigenaxis Rotation
and Time-Optimal Rotation

It has been shown in the previous sections that the eigenaxis rota-
tions, in general, are not time optimal. A comparison between eige-
naxisrotationsand time-optimalrotationsof an inertiallysymmetric
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Table 2 Comparison between eigenaxis and time-optimal rotations

Eigenaxis rotation Minimum-time rotation

µ u1 u2 t f u1 u2 t f Savings

0 [0] [1; ¡1] 2.5066 [0] [1; ¡1] 2.5066 0%
¼=24 [¡tan µ; tan µ ] [1; ¡1] 2.4959 [¡1; 1; ¡1] [1; ¡1] 2.4742 0.87%
¼=12 [¡tan µ; tan µ ] [1; ¡1] 2.4639 [¡1; 1; ¡1] [1; ¡1] 2.4191 1.82%
¼=8 [¡tan µ; tan µ ] [1; ¡1] 2.4093 [¡1; 1; ¡1] [1; ¡1] 2.3527 2.35%
¼=6 [¡tan µ; tan µ ] [1; ¡1] 2.3327 [¡1; 1; ¡1] [1; ¡1] 2.2787 2.31%
5¼=24 [¡tan µ; tan µ ] [1; ¡1] 2.2327 [¡1; 1; ¡1] [1; ¡1] 2.1973 1.59%
¼=4 [¡1; 1] [1; ¡1] 2.1078 [¡1; 1] [1; ¡1] 2.1078 0%

Fig. 14 Two possible solutions for !1 for an in� nite-order singular arc maneuver.

Fig. 15 Desired maneuver for the comparison between eigenaxis rota-
tion and optimal rotation.

rigid body with three controls can be found in Bilimoria and Wie.3

In this section, we compare eigenaxis rotations and time-optimal
rotations for an axisymmetric rigid body with two controls that are
bounded by umax D 1.

Figure 15 shows the con� guration of the desired maneuver and
eigenaxis rotation. Initially the Ob3 and On3 axes are perpendicular to
each other, in a rest situation.The On3 axis lies in the Ob1- Ob2 plane and
the angle from the Ob1 axis to the On3 axis is denotedby µ . The desired
maneuver is such that the Ob3 axis and On3 axis are aligned in a rest
situation.

The minimum-time solution for this rest-to-rest maneuver can
be obtained for any value of µ using the software EZopt/
COSCAL/BNDSCO. It turns out that for µ D n¼=4, n D 0; 1; : : : ; 7
the time-optimal maneuver is an eigenaxis rotation, and for other
values of µ , the time-optimal maneuver is not an eigenaxis ro-
tation. In addition, the time-optimal maneuvers in each interval
[i¼=4; .i C 1/¼=4], i D 0; 1; : : : ; 7 have similar switchingstructure.

The previous reorientation can also be obtained by an eigenaxis
rotation about an eigenaxis Oe that is � xed in the inertial frame,
lies in the Ob1- Ob2 plane and is perpendicular to the On3 axis. Sup-
pose 0 · µ · ¼=4. Then the available control input along the Oe axis
is bounded by 1= cos µ . Hence the minimum time te for the time-
optimalrest-to-resteigenaxisrotationcan be calculatedanalytically:

te D
p

2¼ cos µ (49)

Table2 shows thecomparisonbetweentheeigenaxisrotationand the
minimum-time rotation. Because of symmetry, only the maneuver
times for µ 2 [0; ¼=4] are shown,becausethe rotationtimes for other
values of µ can be calculated similarly. Shown in the table are the
switching sequences for u1 and u2 , the � nal time t f of the eigenaxis
rotationsand the minimum-time rotation,and the time savingsusing
the min-time rotation.

VIII. Conclusions
The time-optimal reorientation control problem of an axisym-

metric rigid spacecraft with two control torques has been studied
in detail. It is assumed that no control torque is available along
the symmetry axis and the remaining two torques are perpendic-
ular to the symmetry axes and to each other. The spacecraft may
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be spinning about its symmetric axis. The relative rotation about
the symmetry axis is therefore indeterminate. A complete analysis
of all of the possible time-optimal control structures is presented,
including cases with singular and nonsingular subarcs. It is shown
that second-order singular arcs and in� nite-order singular arcs can
appear as part of the optimal trajectory for speci� c boundary con-
ditions. Results are also presented for an inertially symmetric rigid
body with two controls. It is shown that for a nonspinning,axisym-
metric body, the second-order singular arc is an eigenaxis rotation.
A cascadedcomputationalscheme is developedand used for the nu-
merical computation of the optimal trajectories. The method does
not require any a priori knowledge of the optimal switching struc-
ture.Examples showthat this is a veryeffectiveapproachto compute
optimal trajectories numerically.
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